This paper estimates higher-order comoment equity risk premiums for the US stock markets. We use an extension of the Fama and French (1993) method to infer the returns attached to a unit exposure to coskewness and cokurtosis risks in the US equity markets.
Introduction
The early asset pricing literature, starting with the Capital Asset Pricing Model (hereafter CAPM) of Sharpe (1964) , Lintner (1965) , and Mossin (1966) , posits a linear market reward for any cross-sectional variation of returns. To induce a linear single factor relationship, the CAPM imposes strong assumptions regarding either the stock return distribution or the structure of investors' preferences (Samuelson, 1970) . Such assumptions imply a spherical unconditional distribution of returns, or imply that the representative investor displays aversion towards only the second moment of the returns distribution.
Evidence of non-normality in the asset unconditional distributions (Badrinath and Chatterjee, 1988; Longin, 1996; Peiro, 1999; Aparicio and Estrada, 2001 ) and of a complex risk profile of the representative investor (Pratt, 1964; Arrow, 1971; Kahneman and Tversky, 1979; Kimball, 1990; and Golec and Tamarkin, 1998) challenge the assumptions underlying the single factor model. Indeed, an examination of investors' preferences in risky situations reveals that not only the probability of experiencing a loss, but also the potential maximum loss amount are likely to influence their choice (e.g. Edwards, 1961; Pratt, 1964; Kogan and Wallach, 1967; and Alderfer and Bierman, 1970; Arrow, 1971; Kahneman and Tversky, 1979; Kimball, 1990; and Kimball, 1993) . Several studies of behavioral finance associate this asymmetry in risk aversion with preference directions for moments of an investment distribution 1 . As a result, the literature has progressively focused on the significance of adding distributional risk factors to asset pricing models. Rubinstein (1973) and Kraus and Litzenberger (1976) are the first authors to have extended Modern Portfolio Theory to the inclusion of these nonlinear measures of risk.
They relate the expected return of an asset to the weighted sum of the unconditional covariance and coskewness risk aversions by the asset systematic risks. Harvey and Siddique (2000) and Barone-Adesi et al. (2004) , among others, demonstrate the likely misspecification of omitting to account for the coskewness effect on the cross-sectional variation of asset returns. Subsequent work by Fang and Lai (1997) , Satchell et al. (2000) and Dittmar (2002) for the most referenced studies 2 suggests improving the significance of the market model by pricing more than the second and third asset covariations with the market portfolio. Under the hypothesis that investors display decreasing absolute prudence, they show that a stock contribution to the market unconditional kurtosis (i.e. its cokurtosis or systematic kurtosis) could also be determining in the evaluation of its relative attractiveness. These empirical findings are justified from a utility-based perspective. In the same way that a covariance premium must reward the marginal contribution to the variance of the market portfolio returns, an asset return must be compensated if it contributes to the decrease in the market portfolio skewness (Moreno and Rodriguez, 2009) or to the increase in its kurtosis (Fang and Lai, 1997 ).
Our objective is to factor these fundamental risks into returns. This requires the specification of three particular portfolios: one that spans the marginal returns associated with a unit exposure to covariance, another one to coskewness, and a third one to cokurtosis. The first portfolio must express a perfect correlation with the market portfolio but zero higher-order comoments. The returns on the second and third portfolios must have a unitary conditional covariance with, respectively, the squared and the cubed market returns and zero values for other comoments (see Samuelson, 1970; and Jurczenco and Maillet, 2002) .
We perform a conditional three-way sorting according to the covariance, the coskewness, and the cokurtosis risk dimensions. Our analysis focuses on the US equities from March 1986 to June 2008. We apply a systematic conditional procedure, which carries three trundle sorts. For each premium, the first two sorts are operated on two risk dimensions used as control risk variables, while the last sort is performed over the risk dimension to be priced. To end with the risk dimension to be priced is, for us, the only way to price the related risk while effectively controlling for the two other risk dimensions. Our premiums comply with the hypothesis that higher returns should be associated with higher cokurtosis and lower coskewness. Our coskewness and cokurtosis premiums are significantly positive over our sample period. Besides, we show that our premiums are not influenced by the ordering of the two first sorts. We express, however, a preference for starting the ranking with the lowest-order moment -i.e. first by covariance, or as a second choice by coskewness -, which is also the most informative moment.
Two conditions, a technical and an empirical one, are to be tested when evaluating the quality of the specification of our moment-related factors. On the one hand, a technical condition for our factors to be good proxies for moment-related premiums is that they consistently price moment-sorted portfolios. This induces the achievement of low specification errors associated with high levels of explanatory power. If the condition is respected, we should produce consistent factor loadings when pricing two-dimensional portfolios sorted onto covariance/coskewness and onto covariance/cokurtosis. On the other hand, an empirical condition is that our moment-related factors explain the crosssection of average returns of some test assets like the size and book-to-market portfolios of Fama and French (1993) . These portfolios have indeed been shown to present strong nonlinearities in their return distribution (Harvey and Siddique, 2000; Barone-Adesi et al., 2004; Hung et al., 2004; Chung et al., 2006; Hung, 2007; and Nguyen and Puri, 2009 ). We perform a Fama-MacBeth two-pass cross-sectional procedure for testing the significance of the moment-related factors on those portfolios.
The paper is structured as follows. Section 2 summarizes the contributions that have already been made in constructing higher-order equity risk premiums. Section 3 details the guidelines we use for constructing moment-related factors. Section 4 analyzes the capacity of our moment-related factors to consistently price moment-sorted portfolios through time-series regression analyses. Section 5 explores how our moment-related factors explain the cross-section of average returns of two-dimensional Fama and French portfolios (referred hereafter as the F&F portfolios) sorted onto size and book-to-market. Fama and MacBeth (1973) cross-sectional regressions are used for testing the significance of our risk premiums. Section 6 evaluates the economic significance of the moment-related premiums. Section 7 concludes.
Literature Review
To our knowledge, very few efforts have been deployed in the estimation of momentbased factors. The very first attempts to estimate such factors rely on one-dimensional portfolios. Two portfolios are constructed for each dimension to be priced: one portfolio with the 30% highest comoment and one portfolio with the 30% lowest comoment. The factor is constructed as the return differential between the high and the low scoring portfolios or inversely. Harvey and Siddique (2000) are the first authors who construct a coskewness factor in this fashion. Ajili (2005) , Kole and Verbeek (2006) , Moreno and Rodriguez (2009) also factor coskewness and/or cokurtosis into returns by implementing a similar method. Such a technique does not however control for other moment-related fundamentals.
To overcome this drawback, Kat and Miffre (2006a,b) construct two-dimensional mimicking portfolios for coskewness and cokurtosis in a way that is similar to the Fama and French (1993) technique for constructing empirical risk premiums. They rank stocks into two portfolios according to their covariance and rank stocks into three portfolios according to their coskewness or their cokurtosis with the market portfolio. Six portfolios are formed at the intersection of the two rankings on respectively covariance and coskewness, or on covariance and cokurtosis. Each factor is then defined as the return differential between the average high and low scoring portfolios or inversely. However, due to moderate levels of correlation between risk fundamentals, performing two independent sorts could lead to unbalanced portfolios and sometimes even to empty portfolios.
To avoid such situations, Agarwal et al. (2008a,b) perform a conditional (rather than an independent) three-stage sort of higher-moment equity risks embedded in Hedge Funds into portfolios. They first sort funds in three portfolios according to covariance.
Then, conditional on this first stage, they sort funds within each portfolio into three portfolios according to their level of coskewness, ending with a sort on the cokurtosis dimension. In this way, they really control for the correlation among the rankings.
However, their method is sensitive to the ordering of the risk dimensions. As they use the cross-sections of Hedge Fund returns rather than the ones of the US equity stocks, their premiums do not translate the risk aversion of all types of investors, but represent only the particular preferences of accredited investors with a high risk profile. Besides, they are also exposed to the issue of the quality of and efficiency in Hedge Funds data.
All the above related premiums do not obey to the hypothesis that the expected return premiums should be a positive function of market beta and cokurtosis, and a negative function of coskewness. For instance, the cokurtosis factors of Kole and Verbeek (2006) , of Agarwal et al. (2008a,b) or the coskewness premium of Kat and Miffre (2006a,b) are significantly negative over their respective period of analysis.
Guidelines for Constructing Moment-Related Factors
The empirical objective of this paper is to factor the second, the third, and the fourth moments of the joint distribution of US stocks with the market portfolio into returns.
This section describes the data we use 3 and the methodology used for constructing moment-related risk premiums. It presents some summary statistics about the estimated outputs.
Data
We collect all the NYSE, AMEX, and NASDAQ stocks that are available positive. This is to avoid outliers that could result from errors in the data collection process.
3 To construct our moment-related factors, we use the same data sample as the one used in Lambert and Hübner (2009) . 4 Temporary data non-availability excludes the stock from the analysis at that time. 5 We designate by market value at month t, the quoted share price multiplied by the number of ordinary shares of common stock outstanding at that moment. 
Method
We construct three hedge portfolios that mimic the required rewards implied by a high covariance, a high cokurtosis, and a low coskewness with the market portfolio.
Estimations of statistical comoments are made along the approach of Kraus and Litzenberger (1976) , Harvey and Siddique (2000) and Barone-Adesi et al. (2004) . These studies infer the third comoment from the regression of the asset returns on the square of the market returns. Therefore, we rely on an extension of the traditional market model of Sharpe (1964) into a nonlinear return-generating process including the square and cube of the market returns as additional factors, i.e.: r  R  c  c  r  R   ,   3  ,  ,  ,  3   2  ,  ,  ,  2  ,  ,  ,  1  ,  0 , , ). These are estimated on a monthly basis, using a 36-month rolling window.
We consider three degrees of risk for each risk fundamental and define each hedge portfolio as the return differential between the highly scored and lowly scored portfolio, or inversely for odd moments. In order to control the correlation among the risk fundamentals, we perform three sorts within a sort. The first two sorts are operated on the "control risk" dimensions; the third sort is conducted on the risk dimension to be priced.
We illustrate our technique in the case of the cokurtosis premium. Each month, we break up the NYSE, AMEX, and NASDAQ stocks into three groups according to the covariance criterion. We then successively scale stocks within each covariance portfolio into three classes according to their coskewness fundamentals. These 9 portfolios are in turn split into three new portfolios according to their cokurtosis statistics. We end up with 27 value-weighted portfolios. The rebalancing is made on a monthly basis. For each month t, every stock is ranked on the selected risk dimensions. Its specific return in the following month is then related to the reward of the risks incurred in the portfolio.
To create a risk factor, we then consider, among the 27 portfolios, the 18 portfolios that score at a high or a low level on the risk dimension. 9 portfolios are then constituted from the difference between high and low scored portfolios, which display the same rankings on the other two risks (used as control variables). Finally, the risk factor is computed as the arithmetic average of these 9 portfolios. We repeat the same technique for estimating the covariance and the coskewness portfolios.
By ending with the risk dimension to be priced, we effectively control for the influence of other higher-order moments. Suppose for instance that one is pricing coskewness risks. By performing a unique sequential sorting -i.e. "covariancecoskewness-cokurtosis" like in Agarwal et al. (2008a,b) -the levels of cokurtosis of portfolios scoring respectively high on cokurtosis and high on coskewness would be different from the levels of cokurtosis of portfolios scoring high on cokurtosis but low on coskewness. If it happens, one could not optimally diversify cokurtosis risks within the coskewness premium. By performing a conditional sort, one ensures that the levels of cokurtosis in both coskewness portfolios are equivalent.
We refer to these factors as the cubic moment-related factors by reference to the three-stage sequential and triple sorting methodology.
Our technique implies that each premium can be defined using two different suites in the sorting of the risk controls. We display, for each premium, the results of the two different orderings.
Remark
The fact that the moment-related premiums are based on a returns history pose two fundamental questions.
On the one hand, our method uses historical comoment exposures when sorting stocks into portfolios. Therefore, the resulting premiums would constitute backward-looking estimates of the returns attached to a unitary covariance, coskewness, or cokurtosis risk exposure. Further research should test the relevance of adding forward-looking estimates of higher-order comoment risk premiums. In another paper , we test the significance of using forward-and backward-looking estimates of moment-related premiums for evaluating Hedge Fund returns.
On the other hand, one drawback of using returns history for measuring covariance, coskewness and cokurtosis exposures lies in the tradeoff between long time-series for precise estimation and a short estimation window to allow for variation in highermoments over time (Agarwal et al., 2008b) . Kole and Verbeek (2006) have shown that the choice of the estimation window is crucial for forming hedge portfolios. They have compared the effect of using a 120-month window against a 60-month window for estimating coskewness and cokurtosis risks. They show that the coskewness risk premium is lower when using a 120-month window but increases when one considers a 60-month window. Harvey and Siddique (2000) , Kat and Miffre (2006b) have also considered a 60-month window for estimating exposures to higher-comoments. Besides, Agarwal et al. (2008b) compare the effect of using a 24-month window against a 12-month window to estimate Hedge Fund higher-order comoments with the US market and to form on this basis mimicking portfolios. They demonstrate small reduction in exposure and minor narrowing of the return spreads related to a coskewness or a cokurtosis exposure.
Therefore, on the assumption that higher return is associated with higher risk, it seems that the longer the window length, the lower the risk and the lower the return associated with one comoment exposure. We have thus tried to define the window so that the risk is maximum. A 60-month window is, in our opinion, too long to be able to capture the dynamics in the moment exposures of US stocks and too heavy to implement because of the data requirement for the preceding 5 years. However, we do not think it is necessary to reduce the window to 12 months as, contrary to Agarwal et al. (2008b) , we infer the comoment risk premiums from the stock returns rather than from Hedge Fund returns.
Therefore, the exposures to coskewness and cokurtosis risks are expected to be more stable over time in stocks than in Hedge Funds data. Halfway between the work of Kole and Verbeek (2006) , Moreno and Rodriguez (2009) and Agarwal et al. (2008b) , we follow the work of Ajili (2005) and use a 36-month window for reaching statistical convergence of the estimates. Note that our coskewness premium displays an average return close to the values taken by the coskewness premium of Harvey and Siddique (2000) and of Kole and Verbeek (2006) . "V", "S" and "K" correspond to the covariance, coskewness and cokurtosis premiums, respectively. The ordering sequence is reflected in the order of the indices. We test the positivity of the average return of each time-series using a unilateral right-tail test consistent with autocorrelation. The tstats for a bilateral test on the significance of the difference between all pairs of premiums are also displayed and are consistent with autocorrelation. * stands for significant at 1%, ** at 5% and *** at 1%.
Descriptive Analysis
Each premium is computed using two methods, depending on the ordering of the other risk dimensions in the sequential sort. Initials "V", "S" and "K" correspond to covariance, coskewness and cokurtosis, respectively. The ordering sequence is reflected in the order of the indices.
The coskewness and cokurtosis premiums display significant positive return over the period (at 10 and 5% significance levels respectively). The premiums within each pair display very similar average returns, time-series volatility, skewness and kurtosis over the period. The two covariance premiums do not present significant returns over the period.
Both premiums display though very similar statistics except for their average return.
Their median values are however very close to each other. The difference between both pairs of premiums are non significant for all 3 premiums. Table 2 reports the correlations among the moment-related factors over the testing period.
Table 2
Matrix of correlations across the moment-related premiums Table 2 displays the correlations (in %) across the two sets of moment-related premiums over the period March 1989 -June 2008. "V", "S" and "K" correspond to the covariance, coskewness and cokurtosis premiums, respectively. The ordering sequence is reflected in the order of the indices.
Cross-correlations between the three moment-related risk premiums range from 11.55% to 31.72%. These levels are very low given the strong correlation found across these risk fundamentals (Scott and Horvath, 1980) . The correlations between each pair of premiums range from 87 to 95%. As both sets of portfolios record approximately the same number of stocks, we could use equivalently these two sets of premiums. Therefore, for the sake of simplicity, we only test one possible set of the three factors (among the eight possible permutations using both sets). We only consider the explanatory power of
S , , and S V K , (i.e. the premiums whose ordering start with the lowest order comoment, while ending with the comoment to be priced), and we name them henceforth Cov , Skew , and Kurt for brevity.
Time-Series Regression Analysis: Properties of Moment-sorted Portfolios
The objective of this section is to check whether our moment-related factors consistently price moment-sorted portfolios. We evaluate the specification of our Four-Moment Asset Pricing Model along the values of the specification errors (alpha), R² and factor loadings. US stocks are ranked by covariance with the market portfolio and are portioned in two portfolios (with portfolio 1 for the smallest values, and portfolio 2 for the largest).
They are then re-sorted either on three levels of coskewness, or on three levels of cokurtosis. Table 3 presents summary statistics for these two sets of 2x3 moment-related portfolios. Panel A displays some statistics about the covariance/coskewness portfolios, whereas Panel B displays some statistics about the covariance/cokurtosis portfolios. Panel A of Table 3 indicates that a higher volatility level is found in high covariancesorted portfolios. Within the low covariance portfolios, higher return is associated with lower coskewness. Within the high covariance portfolios, higher returns are found in higher coskewness portfolios. As the coskewness and covariance statistics are positively correlated, if we only consider the high covariance portfolios, their coskewness levels must be high. Besides, the highest covariance level must be found in the highest coskewness portfolio, the returns being also the highest for these portfolios. Panel B
shows that higher returns are found among the portfolios displaying the highest levels of cokurtosis. Finally, both panels emphasize the difference between the absolute level of volatility, skewness, and kurtosis, and the levels of the corresponding systematic moment statistics. Second, third, and fourth moments are not monotonic functions of the comoments of the sorted portfolios. Table 4 provides the estimates of our Four-Moment Asset Pricing Model for the six covariance/coskewness portfolios (Panel A) and for the covariance/cokurtosis portfolios (Panel B).
As the covariance premium is meant to capture the same risk dimension as the excess return on the market portfolio, we orthogonalize this premium with the market return before including it into the regression. Specifically, the estimated model is written as:
where At this point, one word of caution is necessary. The contents of this table must not be viewed as evidence regarding the explanatory power of our cubic set of premiums.
Rather, the purpose of this analysis is to verify that the portfolio characteristics correspond to their anticipated factor loadings. Table 4 The check for the anticipated significance levels for each factor loading is conclusive in Panel A. The coskewness loadings on the low coskewness-sorted portfolios are significantly positive, while the coskewness exposures in the big coskewness-sorted portfolios are significantly negative. Besides, the betas on the low covariance-sorted portfolios are all negative, while betas are all positive for the big covariance portfolios. In
Panel B however, all three big covariance portfolios sorted on cokurtosis present positive loadings on the cokurtosis premium. In our sample, big covariance portfolios tend also to display big cokurtosis. Therefore, by construction, all portfolios displaying high covariance tend also to display high cokurtosis, which justifies the positive exposures towards the premium. The premium is however only significant for High/Mid and High/High portfolios. Among the low covariance portfolios, the cokurtosis loadings of the low and medium cokurtosis portfolios are negative over the period. The table reports a non significant positive exposure for the portfolio presenting high cokurtosis.
To summarize, the major evidence gathered in Table 4 confirms the ability of our moment-related factors to consistently price characteristic-sorted portfolios. The reported levels of R² are high, the specification errors are almost non significant for all portfolios, and the loadings on the higher-moment premiums are consistent with the sorts underlying the moment-related portfolios.
Fama and MacBeth Tests

The Method
The Fama and MacBeth (1973) the market return and the covariance mimicking portfolio. Therefore, we re-define our covariance premium as the residuals of the regression of the covariance factor over the market portfolio. We refer to this indistinctly as the covariance premium.
Model 1 uses the Fama and French risk factors (that are made available on the K.
French's website 6 ) as benchmarks for empirical risk premiums. SMB stands for "Small minus Big" and corresponds to the size factor. HML stands for "High minus Low" and corresponds to the book-to-market factor. UMD stands for "Up minus Down" and corresponds to the momentum factor.
We rely on the hypothesis that empirical risk premiums could be proxy for higherorder moments. Therefore, we compare the results of the Four-Moment Asset Pricing Model (i.e. M.2) to the cross-sectional regression that includes the spread returns related to size, book-to-market and momentum, i.e. Model 1. Finally, Model 3 analyzes the complementarities between the two sets of premiums. 
Test Hypotheses
The cross-sectional tests should be performed in two steps. First, stock returns must be regressed onto the different risk premiums, and betas are evaluated on a 48-month (expanding, see infra for a definition) window moving time-series regression. Second, each month, the stock returns are regressed on lagged beta loadings through crosssectional regressions.
Data
The estimates of the cross-sectional regressions correspond to one observation in the time-series of the related risk premiums. However, the use of the estimates ik βˆ in place of the true ik β inevitably introduces an errors-in-variables problem when conducting the cross-sectional regressions. To solve this problem, Fama and MacBeth (1973) group stocks into portfolios so that the estimation error in betas can be averaged. Unfortunately, the type of portfolio used for the construction of the premiums in the previous section does not constitute a satisfactory dataset for two reasons: (i) the number of portfolios is insufficient to derive meaningful results, and (ii) the sample comoments of the portfolio constituents with the market portfolio are not stable over time. Hence, one of the key principles of the FMB procedure, namely the high correlation of the risk sensitivities measured during the formation and the estimation period, is not respected. As the portfolio characteristics do not remain homogeneous, a key condition for the validity of the FMB approach is violated.
We test the significance of our moment-related factors for the Fama and French (1993) 25 (5x5) and the 100 (10x10) book-to-market/size-sorted portfolios. Size and book-to-market fundamentals have indeed been shown to act as proxies for higher-order comoment risks (Hung et al., 2004; Chung et al., 2006; Hung, 2007; Nguyen and Puri, 2009 ). According to this view, we can form independent portfolios -avoiding the data snooping bias defined by Lo and MacKinlay (1990) , Conrad et al. (2003) and Berk (2000) 7 -while maximizing the return variation related to the variables of interest between portfolios. Besides, we follow the evidence of Cremers et al. (2008) and Hung et al. (2004) whose papers both show that F&F premiums do not capture all risks related to portfolios sorted on size and book-to-market. Cremers et al. (2008) use the Fama and
French 10x10 size/book-to-market-sorted portfolios in a two-step FMB cross-sectional regression-based analysis. Hung et al. (2004) form one-dimensional portfolios along the same fundamentals and according to the same rebalancing technique as in Fama and French (1993) . Both sets of portfolios are rebalanced every June of year y according to the market capitalization and book-to-market at the end of year y-1. According to both studies, there is still residual risk to be priced in these portfolios next to the F&F premiums. We expect our moment-related premiums to be able to complement the 4-factor Carhart model for those portfolios.
Sample Period
Our sample period ranges from March 1989 to June 2008. We divide our period into four time subsets of 8 years, starting in March 1989 March , 1993 March , 1997 March , and 2001 respectively. Each subset is in turn segmented into 2 non-overlapping sub-periods of 4 years: an estimation period, and a testing period. Therefore, neither the estimation periods nor the testing periods ever overlap.
• The formation period (or SI) sorts individual stocks into portfolio according to their size and book-to-market fundamentals. The portfolios are rebalanced every June of year y according to the market capitalization and book-to-market of December of year y-1.
• The estimation period (or SII) estimates i βˆ for each portfolio over a 4-year (expanding) period -the premiums are estimated and tested over the subsequent 4-year window -. Betas are re-evaluated every 48 months over a period of at least 4 years but expanding up to the year preceding the one (a year is defined from March to February) studied in the testing period. If estimation errors are not correlated among stocks, this should lead to more precise estimates of the true i β .
• The testing period (or SIII) performs the regressions M.1, M.2, and M.3 on the portfolios and analyzes the significance of the premium estimates.
Results
Descriptive Analysis
This subsection presents some descriptive statistics about the testing portfolios and the different premiums used for performing the two-step FMB cross-sectional regressions. Table 5 displays the mean, median, minimum and maximum, standard deviation, skewness, kurtosis, and the Jarque-Bera (J-B) statistics of the 5x5 BTM/size portfolios over the period March 1989 -June 2008. The table also displays the correlation of each portfolio return with the market portfolio, the square of the market portfolio, and the cube of the market portfolio. These three correlation parameters constitute proxy for respectively the covariance, the coskewness, and the cokurtosis of each portfolio with the market index. * , ** and *** stand for significant at 10%, 5%, and 1%, respectively.
Higher levels of the book-to-market fundamentals tend to go along with higher returns. Except for the low book-to-market-sorted portfolios, we find a positive relation between low market capitalization and returns. We do not find any relation between the volatility, skewness and kurtosis statistics, and the market fundamentals. Hence, we use the correlation of each BTM/size portfolio with the market portfolio return, its square and its cube as proxies for respectively the covariance, the coskewness, and the cokurtosis of each testing portfolio. From these values, we infer some insightful risk characteristics about the portfolios. The table shows for instance that cokurtosis risk is the highest in low book-to-market portfolios except for very small size portfolios, whereas the coskewness statistics is the lowest for portfolios with low market capitalizations. In low size portfolios, the coskewness parameters decrease with book-to-market. In big size portfolios however, the coskewness statistics increase in low book-to-market portfolios.
Finally, in low BTM portfolios, the cokurtosis parameters are increasing with size, the reverse occurs in high BTM-sorted portfolios. Table 6 displays statistics for the 10x10 BTM/size portfolios, organized in deciles of BTM (BTM1 to BTM10) over the period March 1989 -June 2008. The table also displays the correlation of each portfolio return with the market portfolio, the square of the market portfolio, and the cube of the market portfolio. These three correlation parameters constitute proxy for respectively the covariance, the coskewness, and the cokurtosis of each portfolio with the market index. * , ** and *** stand for significant at 10%, 5%, and 1%, respectively.
The mean and the median of all first 7 portfolios indicate that, as expected, higher returns tend to be related to higher BTM. Along the Jarque-Bera statistics, all portfolios present nonlinear features in their return distribution. More negative skewness seems to be related with an increasing BTM level of the portfolio. Excess kurtosis values are highest in mid BTM-sorted portfolios. In low BTM portfolios, coskewness is decreasing with BTM, while cokurtosis is increasing with BTM. In high BTM portfolios, however, the cokurtosis premium is decreasing with book-to-market.
Results for the Fama-MacBeth Cross-Sectional Regressions
This section performs the two-step Fama-MacBeth cross-sectional procedure for the models presented in equations (4) to (6). We compare the significance of moment-related premiums to the ones of the empirical risk premiums for the test portfolios (by comparing M.2 to M.1). We also consider the premiums altogether into a composite factor model M.3. The period ranges from March 1993 to June 2008 as the first 48 months of our sample period are used to estimate the factor loadings.
The CAPM predicts a positive expected return premium as a function of market beta, whereas the higher-moment asset pricing theory (Rubinstein, 1973; Kraus and Litzenberger, 1976; Harvey and Siddique, 2000; Dittmar, 2002; and Jurczenko and Maillet, 2002 ) predicts positive expected returns as a function of market covariance and cokurtosis, and as a negative function of coskewness.
The Fama-MacBeth cross-sectional procedure implies the test of an unconditional systematic relationship between the different beta loadings and returns. Here, we perform a modified Fama-MacBeth in order to test for a systematic conditional relationship between betas and realized returns. We follow the generalization of the Fama-MacBeth method developed by Pettengill et al. (1995) for testing the CAPM and extended by Hung et al. (2004) for testing a multi-moment empirical CAPM. Especially, a dummy variable is used to separate the months into up and down markets according to the Fama-MacBeth second-stage estimate of the market premium.
This methodological choice is guided by the following two reasons.
First, the papers of Pettengill et al. (1995) and Hung et al. (2004) recognize the impact of using realized market returns to proxy for expected market returns on the results of the Fama-MacBeth two-stage procedure. On average (expected) market returns must be greater than the risk-free rates. However, there must be some cases where the risk-free return exceeds the market return, otherwise nobody would accept to hold the risk-free rate. In this case, we observe a reverse relationship between market beta and returns. It is thus necessary to distinguish between up and down markets in the FamaMacBeth setup in order to take into account such a "realization bias". If not, the results of the second-stage of a simple Fama-MacBeth procedure would be combined across the different cross-sectional regressions by averaging the estimated risk premiums and could lead to an insignificant relationship between beta risk and returns. According to Pettengill et al. (1995) , we expect, in case of a positive systematic conditional relationship between beta risks and returns, these two conditions to be fulfilled: (1) the risk-return relationship must be symmetrical between periods of up and down markets showing a constant betareturn relationship; (2) the market excess return over the period must be on average positive, meaning that there is more up periods than down market periods. The excess market return is on average positive over all 48-month testing periods 8 .
Second, it could be interesting to investigate the investor's aversion to the higherorder US equity risks by types of markets (ups or downs) in order to see if the premiums differ according to the market regime. Coskewness and cokurtosis risks reflect the risk of extreme events. Investments with high cokurtosis and low coskewness are rewarded because of the likely extreme losses they might involve. In down markets, a liquidity squeeze could occur and lead to negative realizations for these premiums.
Indirectly, this test also analyzes the effect of a potential regime change from the estimation period to the testing period. Indeed, the average value of the market premium is significantly positive in all the estimation periods considered. Therefore, when we examine the down periods, where the relationship between the market beta risk and returns is reversed, we investigate periods where the average market return is inferior to the risk-free rate. It constitutes thus a regime change in the values of the market premium from the estimation period to the testing period.
Previous tests for an unconditional positive correlation between beta and realized returns are thus biased as they do not take into account this segmented relationship between the up and down markets. Table 7 tests hypotheses I, II, and III on 5x5 book-to-market/size portfolios for all three models according to three market regimes, i.e. for the total period, for the up market period and for the down market period. Note that when separating up from down markets, we use the values taken by the market portfolio issued from the second pass of the FMB methodology. The number of months in up and down market periods could thus differ according to the model to be tested. Table 7 conducts Fama-MacBeth 2-step cross-sectional regressions for the Model 1 (F&F empirical CAPM), Model 2 (cubic 4-moment CAPM), and Model 3 (cubic 4-moment empirical CAPM) on the 25 BTM/size portfolios. Portfolios are first regressed on the risk premiums to infer estimates of betas. Second, each month, we perform a cross-sectional regression of the portfolio returns on the beta estimates. The analysis is conducted on the total sample period, i.e. 184 months. Dummy variables are then introduced in the cross-sectional regressions in order to separate premium realizations in up and down markets. For each regime (total period, up market, and down market), the table reports the average value of the different premiums time-series (in %) and their significance. The average adjusted R 2 s over each period of time are also displayed. * , ** and *** stand for significant at 10%, 5%, and 1%, respectively. SMB, HML, and UMD correspond to the size, the book-to-market, and the momentum risk factors of Fama-French and Carhart. M stands for the market premium. "V", "S" and "K" correspond to the covariance, coskewness and cokurtosis premiums, The moment-related model or M.2 presents higher levels of R² (more than 6%) than model M.1 (made of empirical risk premiums) over the whole period. For both models, the level of specification errors related to the two-step FMB procedure (s) are insignificant, while the alphas, which reflect the specification errors related to the model, are significant. Our results are consistent with the study of Cremers et al. (2008) , which
shows that the 4-factor Carhart model delivers high levels of alphas for portfolios sorted on size and book-to-market. We conclude from this evidence that the Four-Moment Asset
Pricing Model outperforms the empirical CAPM.
When we split the total period into up and down markets, the specification errors related to the two-step procedures become significant for both models. By identifying up and down markets, we aggregate the overestimation and underestimation of specification errors. This justifies the significance of the volatility factor.
In Model 1, the SMB factor is only marginally significant in the up market, whereas the HML factor is significant at the 5% level in the down market. In Model 2, no highercomoment equity risk premiums are significant over the total period. Even the market factor is not significant over the period. Such perceived evidence should be challenged with a more detailed analysis of the sub-periods. Indeed, when up and down markets are studied separately, we emphasize strong, but asymmetric influences of the various premiums. The average estimates of the market premiums are symmetrical between periods of up and down markets showing a constant (in absolute value) market betareturn relationship. Moreover, in down markets, next to the market portfolio, the returns attached to the cokurtosis embedded in the US stock market are significantly negative over the period. However, when considering the up market regime, the coskewness and the cokurtosis premiums are both shown to be significantly positive over the up periods at the 1% significance level. Besides, the covariance risk premium brings significant negative corrections to the market premium over the up market period. We could explain this phenomenon by considering that the market premium tends to overestimate beta risk.
The market does not appear to price any nonlinear effect. Overall, hypotheses H1 and H3
are confirmed when the stock market rises. This joint acceptance implies that we can emphasize a set of linear risk premiums corresponding to all three higher-comoments with the market returns.
The composite model or the 4-moment empirical CAPM demonstrates the relevance of adding moment-related risk premiums to the extensively used 4-factor model of
Carhart. Adding moment-related factors to the F&F empirical factors or adding the F&F empirical risk factors to moment-related factors bring up to respectively 15% and 8% of additional R². Both sets of premiums are thus shown to be complementary.
Neither the specification error related to the 2-step FMB procedure, nor the alpha (i.e.
the specification error of the model) is significant over the total period. It demonstrates the relevance of considering empirical and moment-related factors in one regression when evaluating the risk-return tradeoff for BTM/size portfolios. Beyond the market premium 9 , the table reports the significance of the cokurtosis premium and the marginal significance of the squared cokurtosis premium. In up markets, the cokurtosis factor but also the SMB factor are significantly positive. The HML factor becomes positively significant in down markets while, among the moment-based premiums, only the nonlinear covariance and cokurtosis premiums are (both negatively) significant. We point out that the significance of both empirical premiums is not subsumed by the significant moment-related factors.
Contrary to the studies of Chung et al. (2006) and Nguyen and Puri (2009) -where the significance of the F&F premiums has been shown to vanish when higher-order comoments are considered in the regression-based analysis -, our results show the complementary character of both types of premiums. Table 8 reproduces the same analysis on the set of 10x10 portfolios.
9 The beta-return relationship is shown to be symmetrical between periods of up and down markets. Table 8 conducts Fama-MacBeth 2-step cross-sectional regressions for the Model 1 (F&F empirical CAPM), Model 2 (cubic 4-moment CAPM), and Model 3 (cubic 4-moment empirical CAPM) on the 100 BTM/size portfolios. Portfolios are first regressed on the risk premiums to infer estimates of betas. Second, we perform each month a cross-sectional regression of the portfolio returns on the beta estimates. The analysis is conducted on the total sample period, i.e. 184 months. Dummy variables are then introduced in the cross-sectional regressions in order to separate premium realizations in up and down markets. For each regime (total period, up market, and down market), the table reports the average value of the different premiums time-series (in %) and their significance. The average adjusted R 2 s over each period of time are also displayed. * , ** and *** stand for significant at 10%, 5%, and 1%, respectively. SMB, HML, and UMD correspond to the size, the book-to-market, and the momentum risk factors of Fama-French and Carhart. M stands for the market premium. "V", "S" and "K" correspond to the covariance, coskewness and cokurtosis premiums, respectively. The ordering sequence is reflected in the order of the indices. s is the residual volatility of the timeseries regression estimating the different betas. The premiums squared reflect the premiums attached to nonlinear exposures to the 2 nd , 3 rd , 4 th moment-related premiums.
The levels of R 2 displayed by Table 8 are significantly lower than in Table 7 , but we still reach similar conclusion. M.3 delivers higher levels of R² than M.2, and in turn M.2 displays higher levels of R² than M.1. The F&F four-factor CAPM displays significant SMB and HML factors across the three periods. Specification errors related to the FMB procedure are significant over the total period. Besides, the levels of R 2 in M.1 are similar to the levels obtained by Cremers et al. (2008) .
However, when we consider the Four-Moment Asset Pricing Model, the specification errors related to the second pass of the FMB procedure get insignificant. This evidence indicates that higher-comoment premiums outperform the empirical risk factors. Over the whole period, not only the covariance, but also the coskewness and the cokurtosis premiums are significant. When we analyze the up market sub-period, the covariance premium plays, as for M.2 in Table 7 , the role of a downward correction to the market aggregate. Hypothesis I for the cokurtosis premium is validated for this sub-period. The specification error related to the FMB procedure is only marginally significant. In down markets, both coskewness and cokurtosis premiums are significantly negative over the period. A negative downward correction is brought to the market factor by the nonlinear covariance premium.
The results for the composite model M.3 confirm the findings of M.2 regarding the correcting role of the covariance risk premium over the market excess return. The signs of the corresponding risk premiums are always negative and significant.
Beside the market and the covariance premiums, M.3 only reports significance for the square of the coskewness premium and the SMB factor over the whole period. The SMB premium is still significant in the up market regime. Moreover, in both up and down market sub-periods, the cokurtosis premium appears to be significant. We record a positive return attached to a unit exposure to cokurtosis in up markets and a significant negative return in down markets.
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In the down market period, we also observe the significance of the HML factor. Only the covariance premium has significant nonlinear effects in down markets. The specification error coefficients (both s and α) are significant in the total but also in the up market period. In both market regimes, however, the complementary character of the sets of empirical and moment-based premiums is evidenced. Table 9 performs the analysis on the set of 10x10 portfolios organized in quintiles.
The first quintile corresponds to the dispersion in size for the highest levels (9 and 10) of book-to-market. The fifth quintile corresponds to the dispersion in size for the lowest levels (1 and 2) of book-to-market. Table 9 conducts Fama-MacBeth 2-step cross-sectional regressions for the Model 1 (F&F empirical CAPM), Model 2 (cubic 4-moment CAPM), and Model 3 (cubic 4-moment empirical CAPM) on the 100 BTM/size portfolios, organized in quintiles. Q.1 (Q.5) corresponds to the 9 and 10 (1 and 2) deciles of BTM. The analysis is first conducted on the total sample period, i.e. 184 months. Dummy variables are then introduced in the cross-sectional regressions in order to separate premium realizations in up and down markets. For each regime (total period, up market, and down market), the table reports the average value (in %) of the different premiums time-series and their significance. The average adjusted R 2 s (in %) over each period of time are also displayed. * , ** and *** stand for significant at 10%, 5%, and 1%, respectively. SMB, HML, and UMD correspond to the size, the book-to-market, and the momentum risk factors of Fama-French and Carhart. M stands for the market premium. "V", "S" and "K" correspond to the covariance, coskewness and cokurtosis premiums, respectively. The ordering sequence is reflected in the order of the indices. s is the residual volatility of the time-series regression estimating the different betas. The premiums squared reflect the premiums attached to nonlinear exposures to the 2 nd , 3 rd , 4 th moment-related premiums.
Classifying the models by increasing order of explanatory power, we first find the Our results for Model 1 are consistent with the study of Pettengill et al. (1995) . The market premium is, most of the time, non significant over the whole period, giving the impression that only the SMB and HML or even the UMD premiums matter for pricing the first and the second quintiles. When separating up from down markets, we find evidence of strong significance of the market factor (with symmetric values) across all quintiles, and in most cases, a significantly positive (resp. negative) SMB factor and a significantly negative (resp. positive) HML factor in up (resp. in down) markets. Over the whole period, the specification error related to the 2-pass FMB procedure is only significant for the second and third quintiles. From the first quintile, investors appear to earn a significant negative return for a unit exposure to coskewness over the whole period but also over the up market regime. Out of the second quintile however, the coskewness premium offers a positive return in M.2 but a negative return in M.3 (when proxies for nonlinear risks are considered) across all the three analyzed periods. In the third quintile, we record 3 cases where the coskewness premium becomes significant. The table reports positive significance for the premium in both models M.2 and M.3 in down markets but negative significance in Model M.2 in up markets. When we take into consideration the total return attached to a nonlinear and linear exposure to coskewness, the total coskewness premium tends to be significantly positive in up markets for Q.1, Q.2, and Q.3 and in down markets for Q.3, but significantly negative in down markets for Q.2. For the first three quintiles, the cokurtosis premium appears to be significant over the total period, but also over the up and down market sub-periods. The premium tends to be significantly negative in down markets but significantly positive in up markets. The results still hold when the nonlinear exposure to cokurtosis is taken into account, except for the up market period of Q.3. Regarding the covariance premium, the returns attached to both nonlinear and linear exposures are globally significant across all periods and all quintiles.
Out of the cross-sectional analysis of a sample of 10x10 portfolios sorted on size and BTM along Model M.3, Table 8 reported a slightly positive but non significant cokurtosis risk premium over the total period, but significantly positive in up and significantly negative in down markets. Table 9 shows that, when we decompose the analysis in quintiles, this relationship still holds for the first three quintiles (made of the 6 highest levels of BTM). A very small premium is also attached to nonlinear exposures to this risk.
The nonlinear premium is though positive in up markets and negative in down markets for the lowest BTM-sorted quintile and strongly negative for Q.4 in the down market, which confirms our previous results.
Although, in Table 8 , the coskewness premium is insignificant in model M.3, in fact the sign of the coskewness premium depends of the quintile analyzed. Taking into consideration the global return-to-coskewness, i.e. either the linear or the nonlinear premiums together, we reach the same conclusion as for cokurtosis: the premium tends to be positive in up market periods but negative in downs for quintiles 1, 2, and 3 (for the 2 other quintiles the premium is only marginally significant). As for the covariance risk premium, most of the time the premium is negative, and acts as a downward correction to the market. Finally, our moment premiums are still shown to be significant next to empirical F&F premiums, emphasizing again the complementarities between both sets of factors.
To conclude, the coskewness and the cokurtosis risk premiums have to be considered separately in up and down markets. These risk premiums reward the probability of extreme losses. When the market does well, bearing such risks leads to an extra return.
When markets start heading south, these extreme risks (represented by both the coskewness and the cokurtosis coefficients and, to a lesser extent, by the nonlinear effects) lead to significant negative premiums.
The next step consists in analyzing the economic significance of these premiums.
Economic Significance of the Premiums
Using only the composite model M.3, we construct a table with, for each premium, the product of its level (derived from the second pass of the FMB procedure) with the average beta coefficient (derived from the first pass of the FMB procedure). This provides an estimate of the total required return (coefficient x premium) associated to each source of risk.
On that basis, we can test the economic significance of each premium. We conduct bilateral tests over the average values taken by the different premiums. Each premium is regressed on a constant in order to estimate its average return over the period. We perform a weighted least squares estimation to account for heteroskedasticity, and use an Autocorrelation Consistent (HAC) estimator (i.e. the Newey-West) of the covariance matrix. Table 10 performs the analysis on the 5x5 sets of BTM/size portfolios, on the 10x10 BTM/size portfolios, and finally on the 5 quintiles. Like in the previous analyses, this table presents the results for the total period, but also over the up and down sub-periods. Table 10 conducts statistical (t-)tests on the average statistics (in %) of the time-series made of the product of the premium inferred from the second pass of the FMB procedure by the average of the related beta coefficient (estimated by the first pass of the FMB procedure). The table uses Heteroskedasticity and Autocorrelation consistent covariance matrix estimates.
* , ** and *** stand for significant at 10%, 5%, and 1%, respectively. SMB, HML, and UMD correspond to the size, book-to-market, and momentum risk factors of Fama-French and Carhart. "V", "S" and "K" correspond to the covariance, coskewness and cokurtosis premiums, respectively. The ordering sequence is reflected in the order of the indices. The premiums squared reflect the premiums attached to nonlinear exposures to the 2 nd , 3 rd , 4 th moment-related premiums.
Panel A examines the three empirical risk premiums. The required return on the SMB premium appears to be positive in up market periods but negative in down markets.
Investors do not seem to allocate differently their exposures towards this risk according to the market conditions. Therefore, they suffer from negative realizations for this risk in down markets. For the HML premium however, the investors earn on average a positive return from their allocation to this type of risk in down markets, but a negative return in up markets. It seems like if this mimicking portfolio acts as a contrarian investment strategy. Finally, the momentum premium is only marginally significant.
Panel B examines the three moment-related risk premiums, while Panel C considers the nonlinear effects of these premiums. From previous tables, the covariance premium has been shown to act as a downward correction to the market portfolio. The average total return required for this factor tend to be significantly positive or negative. The first two quintiles of the 10x10 sets of BTM/size portfolios are informative about the investor's required return on the coskewness and the cokurtosis premiums. The analysis of the economic significance of the coskewness risk premium shows that investors seem to express strong risk aversion to this risk, and even try to avoid any exposure to low coskewness. By searching for investment opportunities with positive coskewness, their required returns for this risk tend to be negative. These results still hold when we consider the total required returns (both linear and nonlinear) on the coskewness factor. Investors appear however to invest in cokurtosis risk. Their required return for this risk is significantly positive out of the sets of 5x5 and 10x10 of portfolios as well as out of the first and second quintiles of the set of 10x10 portfolios in down, up, and over the total periods. The nonlinear cokurtosis premium brings however some marginal downward correction on the required return of the cokurtosis premium.
Concluding Remarks
This paper has developed new guidelines to estimate the returns related to a unit exposure to systematic variance, skewness, and kurtosis risks in the US equity market.
We follow a methodology similar to the Fama and French (1993) technology for creating empirical risk premiums. We construct three hedge portfolios that mimic the required rewards implied by the spread in covariance (high minus low), in cokurtosis (high minus low) and the spread in coskewness (low minus high) with the US stock market portfolio. Our method differs however from the Fama and French (1993) specification in various aspects. The common characteristic of the changes brought to the original construction method is a stronger focus on a systematic treatment of data, getting rid as much as possible of heuristic choices in the procedure.
The literature already counts some attempts to factor systematic skewness and kurtosis risks into returns. However, the outputs recorded so far do not obey to the hypothesis that, on average, returns should be a positive function of the 2 nd and 4 th comoments but a negative function of the 3 rd one.
With a more rigorous approach, we expect our higher-moment risk premiums to be sound benchmarks for systematic variance, skewness, and kurtosis risks in the US equity markets. We test our premiums over the period ranging from March 1989 to June 2008, i.e. 232 monthly observations. A three-way sort of US stocks into portfolios starting with, by preference order, covariance or coskewness and ending with the risk dimension to be priced seems to be optimal for constructing such moment-related premiums. Actually, our coskewness and cokurtosis premiums present significant and positive average returns of respectively 0.20% and 0.40% per month, or 2.4 % and 4.8 % per year.
We perform both time-series and cross-sectional regression-based analyses to test the relevance of our moment-related premiums. On the one hand, we check whether our moment-related premiums consistently price 2x3 portfolios sorted onto covariance/coskewness and onto covariance/cokurtosis. We inspect the following variable estimates: alpha, R 2 , and the sign of the factor loadings. We show that our higher-order comoment equity risk premiums provide high explanatory power and non significant specification errors for almost all portfolios. The beta loadings are also consistent with the rankings of the test portfolios. On the other hand, Fama and MacBeth (1973) crosssectional regressions test both the higher-moment market model and the Fama and French model on 5x5 and 10x10 size and book-to-market two-dimensional portfolios. We show both premiums to be significant, even when empirical risk premiums are added to the multi-moment analysis.
Coskewness and cokurtosis risk premiums are considered separately in up and down markets. These risk premiums reward the probability of extreme losses. Therefore, when the market does well, bearing such risks lead to extra return. In adverse market conditions, bearing these risks could result in negative realizations of the premiums.
In conclusion, our study has shed new light over the complementary relationship between moment-related factors and the Fama and French (1993) empirical risk factors. It is also shown that our estimation guidelines for constructing fundamental risk factors compare favorably with the numerous attempts displayed in the literature.
